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Existence and Non-existence of m-systems of Polar Spaces
NICHOLAS HAMILTON† AND RUDOLF MATHON‡
In this paper, the m-systems of the finite polar spaces W2n+1(2),Q−(2n + 1, 2), Q+(2n + 1, 2)
and Q(2n+2, 2) are classified for n = 1, 2, 3 and 4. As a consequence of this, symplectic translation
planes of order 32 are classified, and some maximal arcs in these planes are constructed. Improve-
ments of previous non-existence results on m-systems of W2n+1(q), Q−(2n + 1, q) and H(2n, q2)
are also obtained.
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1. INTRODUCTION
We follow the definitions and notation of [11]. Let W2n+1(q) denote the polar space arising
from a symplectic polarity of PG(2n + 1, q), n ≥ 1; Q−(2n + 1, q) denote the polar space
arising from a non-singular elliptic quadric of PG(2n+1, q), n ≥ 2; Q+(2n+1, q) denote the
polar space arising from a non-singular hyperbolic quadric of PG(2n+ 1, q), n ≥ 2; Q(2n+
2, q) denote the polar space arising from a non-singular parabolic quadric of PG(2n + 3, q),
n ≥ 2; and H(n, q2) denote the polar space arising from a non-singular hermitian polarity of
PG(n, q2), n ≥ 3.
In [11], Shult and Thas introduced the following definitions of partial m-systems and m-
systems of these (and other) polar spaces.
DEFINITION 1. Let P be a finite classical polar space of rank r , r ≥ 2. A partial m-system
of P , with 0 ≤ m ≤ r − 1 is any set {pi1, pi2, . . . , pik} of k 6= 0 totally singular m-spaces of
P such that no generator (maximal singular subspace) containing pii has a point in common
with (pi1 ∪ pi2 ∪ · · · ∪ pik)− pii , i = 1, . . . , k.
THEOREM 1 ([11, THEOREM 4]). Let M be a partial m-system of the finite classical polar
space P. Then
|M | ≤ qn+1 + 1 for P = W2n+1(q), P = Q(2n + 2, q) or P = Q−(2n + 1, q),
|M | ≤ qn + 1 for P = Q+(2n + 1, q),
|M | ≤ q2n+1 + 1 for P = H(2n, q2) or P = H(2n + 1, q2).
DEFINITION 2. Let M be a partial m-system of a finite classical polar space P = W2n+1(q),
Q−(2n+ 1, q), Q+(2n+ 1, q), Q(2n+ 2, q) or H(2n, q2). If for |M | the upper bound in the
previous theorem is reached, then M is called an m-system of P .
In the same paper they gave several constructions of m-systems of polar spaces, and showed
that m-systems of three of the polar spaces also gave rise to strongly regular graphs. In a
later paper [12], bounds on the sizes of various partial m-systems are improved and some
non-existence results proved. In [4], Hamilton and Quinn show that certain m-systems of
W2n+1(q) may be used to construct maximal arcs in symplectic translation planes. They also
gave a different construction of strongly regular graphs to that of Shult and Thas using m-
systems of W2n+1(q), Q−(2n + 1, q) and H(2n, q2).
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In the present paper we obtain non-existence results for m-systems of W2n+1(q), Q−(2n +
1, q), Q(2n + 2, q) and H(2n, q2) by examining the parameters of certain strongly regular
graphs associated with the point-sets of the m-systems (Section 2). We then classify, mainly
by computer, the m-systems of W2n+1(2), Q(2n + 2, 2) Q−(2n + 1, 2) and Q+(2n + 1, 2)
for n = 1, 2, 3 and 4 (Section 3).
2. STRONGLY REGULAR GRAPHS AND m-SYSTEMS
A projective (l, k, h1, h2)-setO is a proper, non-empty set of l points that span PG(k−1, q)
and have the property that every hyperplane meets O in h1 points or in h2 points It is well
known that projective (l, k, h1, h2)-sets may be used to construct both strongly regular graphs
and [k, l]-codes with two weights [1]. We give the parameters obtained for the graphs and
codes as in [1]. Suppose O is a projective (l, k, h1, h2)-set. Putting w1 = l − h1 and w2 =
l − h2, then O gives rise to a projective two-weight [l, k]-code with weights w1 and w2.
Further, O can be used to construct a strongly regular graph with parameters
N = qk
K = l(q − 1)
λ = K 2 + 3K − q(w1 + w2)− K q(w1 + w2)+ q2w1w2
µ = w1w2q2−k .
Shult and Thas have shown ([11, Theorem 7]) that the set of points of an m-system of
W2n+1(q), Q−(2n + 1, q) or H(2n, q2) has two intersection numbers with respect to hyper-
planes of the underlying projective space, and hence gives rise to a strongly regular graph. For
Q−(2n + 1, q) or W2n+1(q) they show an m-system gives a projective set with k = 2n + 2,
l = (qm+1 − 1)(qn+1 + 1)/(q − 1), and intersection numbers
h1 = (q
m+1 − 1)(qn + 1)
q − 1 − q
n and h2 = (q
m+1 − 1)(qn + 1)
q − 1 .
For H(2n, q2) they show an m-system gives a projective set with k = 2n + 1, l = (q2m+2 −
1)(q2n+1 + 1)/(q − 1), and intersection numbers
h1 = (q
2m+2 − 1)(q2n−1 + 1)
q2 − 1 − q
2n−1 and h2 = (q
2m+2 − 1)(q2n−1 + 1)
q2 − 1 .
Surprisingly, the parameters of the associated graphs appear not to have been previously
calculated. Substituting to obtain the parameters of the associated strongly regular graphs
after some nasty algebra leads to the following.
LEMMA 1. An m-system of W2n+1(q) or Q−(2n + 1, q) gives rise to a strongly regular
graph with N = q2n+2, K = (qn+1 + 1)(qm+1 − 1), µ = q2m+2 − qm+1 and λ = (−2 +
qm+1+q2m+2)−qn+1. An m-system of H(2n, q2) gives rise to a strongly regular graph with
N = q4n+2, K = (q2n+1 + 1)(q2m+2 − 1), µ = q4m+4 − q2m+2 and λ = (−2 + q2m+2 +
q4m+4)− q2n+1.
COROLLARY 1. m-systems of W2n+1(q), Q−(2n + 1, q) or H(2n, q2) do not exist for
n > 2m + 1.
PROOF. For the associated strongly regular graphs to exist we require that λ ≥ 0. Hence
for W2n+1(q) or Q−(2n + 1, q) we require that (−2 + qm+1 + q2m+2) − qn+1 ≥ 0. But
n > 2m + 1 implies λ < 0. Similarly for H(2n, q2). 2
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COROLLARY 2. m-systems of Q(2n + 2, q), q even, do not exist for n > 2m + 1.
PROOF. For q even, an m-system of W2n+1(q) gives rise to an m-system of Q(2n + 2, q)
and conversely [11, Theorem 10]. 2
We note that the bound for W2n+1(q) is sharp when q is even and n is odd, and the bound
for Q−(2n+1, q) is sharp when n is odd. Take a non-degenerate elliptic quadric Q−(3, q n+12 )
in PG(3, q
n+1
2 ), n odd and q even. The points of the quadric are a 0-system, and correspond
to an (n−1)2 -system of Q−(2n + 1, q) in PG(2n + 1, q) [4]. When q is even, the polarity
associated with the Q−(2n + 1, q) is symplectic and the (n−1)2 -system of Q−(2n + 1, q) is
also an (n−1)2 -system of W2n+1(q). Similarly for Q−(2n + 1, q) for q odd.
Also note that the necessary condition that n be greater than 2m+1 for W2n+1(q) is not suf-
ficient. We shall see in the next section that a 2-system of W9(2) would satisfy this condition,
but that W9(2) has no such 2-system.
In [12], Shult and Thas give bounds on the size of a partial m-system of a polar space using
the rank of an incidence matrix associated with the m-system. More generally they show that
a partial m-system of a finite classical polar space naturally embedded in PG(n, q) has size
at most ((
n + 1
m + 1
)
+ p − 2
p − 1
)h
+ 1
where q = ph . They then obtain improved bounds for each of the finite classical polar
spaces [12, Theorem 5]. The form of the bounds they give make it difficult to compare with
the bound of Corollary 1. But as an example, Shult and Thas show that for q even, W2n+1(q),
Q−(2n + 1, q) and H(2n, q2) do not admit 1-systems for n ≥ 6 while the corollary shows
that none exist for n ≥ 4.
For more constructions of projective (l, k, h1, h2)-sets from m-systems of polar spaces
see [4].
3. m-SYSTEMS OF SMALL SYMPLECTIC POLAR SPACES
In this section we classify m-systems of W2n+1(2), Q(2n + 2, 2), Q−(2n + 1, 2) and
Q+(2n+ 1, 2) for n = 1, 2, 3, 4. In [11] it is shown that for q even an m-system of Q−(2n+
1, q) is also an m-system of W2n+1(q). In the cases where m < n, n = 1, 2, 3, 4, and q = 2
we find that the converse is also true, i.e., that every m-system of W2n+1(2) is an m-system of
Q−(2n+1, 2). Note that an m-system of W2n+1(2) gives rise to an m-system of Q(2n+2, 2)
and conversely, so we need only classify m-systems of W2n+1(2) to obtain a corresponding
result for Q(2n + 2, 2).
Some of the results were obtained by computer search using the following method. We
describe the instance of searching for 2-systems in Q−(9, 2). The other searches are similar
but with different data.
Given a plane pi in Q−(9, 2)we consider the union of the five generators (solids) containing
it and call it pi⊥. We call two planes pi1, pi2 compatible if pi1 ∩pi2⊥ (and pi2 ∩pi1⊥) are empty.
A 2-system is then a collection of 33 mutually compatible planes. For a plane pi1 of the 75 735
planes in Q−(9, 2) there is a single orbit of 32 768 compatible planes under the stabilizer of
pi1. For a compatible pair of planes pi1, pi2 there are 14 560 compatible planes forming six
orbits O1, . . . , O6 of lengths 280, 840, 2520, 2520, 3360 and 5040 (ordered by size).
The perps pi1i of a 2-system M = {pii } form a so-called “5-spread” of the quadric since each
point of Q−(9, 2) not on pii is on exactly 5 perps of M .
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Forming the sets Sk = {pi1, pi2} ∪ O1 ∪ · · · ∪ Ok and assuming that a solution contains a
plane in Ok , all 5-spreads are found first in S1, then in S2, and so forth, finishing with S5 using
the algorithm described in [10].
No solutions are found in S1 to S5. The computations took about 1 hour on a 550 MHz
Pentium III. Since the search in S6 is too large (it would involve 14 562 sets) we proceed as
follows. At this point we know that a solution, if it exists, must contain pi1, pi2 and a represen-
tative pi3 of O6. There are 6592 planes compatible with the triple pi1, pi2, pi3 which partition
into 292 orbits under the stabilizer of this triple of planes. Considering a representative from
each orbit in turn we search for solutions in a similar fashion as above. This search required
about 11 hours and no solutions were found.
In the following, two types of m-system of W2n+1(q) will always arise:
(1) A symplectic spread of PG(2n+1, q) is a spread of the symplectic polar space W2n+1(q)
defined by a symplectic polarity on PG(2n + 1, q), i.e., a set of qn+1 + 1 pairwise disjoint
maximal totally isotropic subspaces. It follows that a symplectic spread of PG(2n + 1, q) is
an n-system of W2n+1(q). It is well known (see for instance [2, 15]) that spreads that give rise
to Desarguesian projective planes are symplectic, and that there is a single orbit on desargue-
sian symplectic spreads in the symplectic group. In this paper we shall call these desarguesian
n-systems of W2n+1(q).
(2) When q is even, the form of a non-degenerate elliptic quadric Q−(2n + 1, q) induces a
symplectic polarity σ . Take any symplectic spread of PG(2n + 1, q) such that the elements
of the spread are totally isotropic with respect to σ , then the intersection of the elements of
the spread with Q−(2n + 1, q) induces a spread ((n − 1)-system) of Q−(2n + 1, q). Since q
is even this is also an (n− 1)-system of W2n+1(q) [11]. In particular, if the symplectic spread
is desarguesian, we shall call the induced (n − 1)-system of Q−(2n + 1, q) (or W2n+1(q))
the desarguesian (n − 1)-system of Q−(2n + 1, q). There is a single orbit on desarguesian
(n − 1)-systems in the symplectic group [2].
3.1. W3(2). A 0-system of W3(2) is an ovoid. Ovoids of PG(3, 2) are classified and are all
isomorphic to Q−(3, 2). Hence up to isomorphism in the symplectic group there is a unique
0-system of W3(2).
A 1-system of W3(2) is a spread of PG(3, 2). Such a spread would give rise to a (trans-
lation) plane of order 4. Projective planes of order 4 are classified and are all isomorphic
to PG(2, 4). Hence all 1-systems of W3(2) are isomorphic to the desarguesian 1-system of
W3(2).
3.2. W5(2). By Corollary 1, 0-systems of W5(2) do not exist.
A computer search shows that up to isomorphism in the symplectic group there are two
1-system of W5(2). Both are spreads of Q−(5, 2). The first is the desarguesian 1-system of
Q−(5, 2). The second is called a regular line spread of Q−(5, 2) in [14, Section 4]. The
regular line spreads of Q−(5, q) have the interesting property that they do not arise as the
intersection of Q−(5, q) and a spread of W5(q).
As polar spaces, Q−(5, q) and H(3, q2) are dual to one another. Under this correspondence
a spread of Q−(5, q) maps to an ovoid of H(3, q2). Thus by classifying 1-systems of W5(2),
and hence spreads of Q−(5, 2), we have also classified ovoids of H(3, 4). In fact the m-
systems of H(n, 4) are then all known for n = 2, 3, 4. For n = 2, a 0-system of H(2, 4) is
just the set of points of H(2, 4). For n = 3, we have classified 0-systems of H(3, 4), and there
do not exist 1-systems (spreads) of H(3, 4), 0-systems of H(4, 4) or 1-systems of H(4, 4) [6,
Appendix VI].
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A 2-system of W5(2) is a spread of PG(5, 2). Such a spread would give rise to a (transla-
tion) plane of order 8. Projective planes of order 8 are classified and are desarguesian. Hence
all 2-systems of W3(2) are isomorphic to the desarguesian 2-system of W5(2).
3.3. W7(2). By Corollary 1, 0-systems of W7(2) do not exist.
A computer search shows that there are up to isomorphism in the symplectic group unique
1-, 2- and 3-systems of W7(2). The 3-system is the desarguesian 3-system of W7(2). The
2-system is the desarguesian 2-system of Q−(7, 2).
As was noted in the previous section, a 0-system of
Q−(3, q n+12 ) gives rise to an (n−1)2 -system of Q−(2n + 1, 2). In particular, with n = 3 and
q = 2 we obtain a 1-system of Q−(7, 2) (and W7(2)). This is the unique 1-system of W7(2).
3.4. W9(2). By Corollary 1, 0-systems and 1-systems of W9(2) do not exist. A computer
search shows that 2-systems of W9(2) do not exist.
Computer searches show that up to isomorphism there are three 4-systems of W9(2). A
4-system of W9(2) is a (symplectic) spread of PG(9, 2). All of these spreads were known
(but not classified) previously. One is the desarguesian spread (denoted s1 below). One has
symplectic group stabilizer of order 165, with a regular cyclic subgroup acting on the spread
(denoted s2 below). It has previously been described in [9, (1) Flag-transitive planes]. The last
4-system has symplectic group stabilizer of order 160, and gives rise to a non-commutative
semifield plane of order 32 (denoted s3 below). It has previously been described in [9, (7)
Semi-field planes]. Hence we have classified symplectic translation planes of order 32.
Finally, a computer search shows that there are 10 3-systems of W9(2) up to isomorphism
in the symplectic group (denoted t1, . . . , t10 below). They have symplectic group stabilizers
of orders 330, 30, 6, 6, 6, 2, 2, 2, 18 and 9, respectively. The 3-system t1 is the desarguesian
3-system of W9(2).
We describe the 3-systems as follows. A point of PG(9, 2) can be described as a vector of
length 10 with elements in G F(2). Considering the binary vector as a binary number we give
its decimal representation in the range 0–1023. Each element of a 3-system can be described
by giving four points that form a basis for that subspace. Symplectic spreads are described
similarly.
The symplectic form on PG(9, 2) is given by the standard form
B(x, y) = x0 y1 + x1 y0 + x2 y3 + x3 y2 + x4 y5 + x5 y4 + x6 y7 + x7 y6 + x8 y9 + x9 y8.
The 3-systems of W9(2):
t1 =
0 3 15 63 9 33 129 513 2 11 47 191
30 97 398 682 6 25 104 905 37 151 349 581
45 149 277 599 12 54 208 341 52 214 280 586
75 184 290 556 18 164 288 522 92 136 317 517
22 204 356 555 101 171 300 558 112 160 263 533
27 106 292 651 126 141 273 538 86 172 285 561
89 166 291 529 91 152 314 541 116 177 269 546
40 192 264 593 42 66 400 665 78 186 302 565
76 145 294 544 48 157 282 520 94 154 261 550
51 220 321 600 82 133 266 568 73 163 257 548
111 162 309 573 60 70 395 536 123 138 279 525
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t2 =
0 3 15 63 1 7 159 543 14 47 191 770
5 106 399 687 24 200 355 525 8 48 213 854
42 81 388 539 17 201 360 587 109 150 289 548
21 102 164 297 73 165 302 524 23 44 330 714
25 199 288 613 126 138 258 541 38 141 269 588
98 154 291 522 30 69 393 547 72 186 278 573
34 216 322 604 94 187 316 514 89 155 268 552
113 134 274 540 43 192 267 598 45 85 146 266
107 156 282 523 49 71 139 530 51 130 262 538
53 65 285 654 111 160 317 562 56 78 401 640
57 157 283 518 87 140 310 571 116 174 284 549
t3 =
4 16 64 256 1 7 31 127 2 11 47 191
10 101 399 693 24 205 354 520 55 213 286 583
13 36 81 529 96 170 281 556 124 150 304 565
21 102 164 771 22 235 356 524 52 152 330 585
76 132 288 560 99 138 279 541 58 141 273 592
28 228 291 615 69 183 300 547 72 186 309 542
34 216 322 604 94 187 316 550 89 185 268 552
90 173 274 563 43 142 321 598 45 196 348 577
46 156 282 590 49 139 329 530 93 130 262 538
115 190 285 517 70 149 264 515 117 147 261 532
57 82 283 518 87 175 310 512 61 144 341 535
t4 =
4 16 63 256 1 7 31 127 2 11 47 959
10 95 399 693 24 200 355 520 55 222 286 576
13 36 470 529 114 170 281 556 109 150 304 565
21 164 332 584 22 73 392 524 52 152 338 593
86 132 288 560 126 138 279 541 58 141 273 588
28 98 291 652 88 183 300 547 103 186 309 542
34 75 409 643 122 187 316 550 123 185 268 552
113 173 274 563 43 77 142 788 45 85 407 646
46 66 156 282 49 71 139 530 105 130 262 538
65 190 285 517 111 149 264 515 78 147 261 532
57 204 283 518 100 175 310 512 61 74 144 535
t5 =
0 3 15 63 1 39 135 519 11 47 191 770
5 10 399 687 29 205 355 520 48 213 286 583
13 81 388 566 17 170 263 556 124 150 289 548
21 102 164 557 92 165 311 537 52 152 338 585
76 158 288 554 26 238 258 608 27 38 383 706
28 98 291 652 69 183 300 547 103 153 278 542
34 75 270 643 122 151 280 514 123 185 298 526
40 90 134 274 77 142 287 536 85 146 292 569
46 221 343 590 49 195 329 530 51 93 130 262
53 65 136 791 111 160 264 562 117 172 318 555
104 163 293 518 60 212 265 600 61 74 395 535
t6 =
0 3 15 63 1 39 135 519 11 47 191 770
5 10 399 687 29 205 355 520 48 213 286 583
13 81 388 566 17 170 263 556 124 150 289 548
21 102 164 557 92 165 311 537 52 152 338 585
76 158 288 554 26 238 258 608 27 38 383 706
28 98 291 652 69 183 300 547 103 153 278 542
34 75 270 643 122 151 280 514 123 185 298 526
40 90 134 274 77 142 287 536 85 146 292 569
46 221 343 590 49 195 329 530 51 93 130 262
53 65 136 791 111 160 264 562 117 172 318 555
104 163 293 518 60 212 265 600 61 74 395 535
t7 =
4 16 64 256 1 31 135 519 2 47 203 779
12 101 405 687 29 205 354 525 8 230 294 623
36 81 388 529 96 170 263 574 109 131 304 565
21 102 297 557 22 73 165 302 23 44 128 768
25 199 288 554 26 99 138 773 27 141 269 588
125 133 291 522 30 69 166 547 103 186 309 573
34 75 148 270 122 187 280 550 123 185 298 526
40 134 274 540 77 142 267 536 119 146 266 569
107 156 307 523 49 71 139 530 105 182 262 558
115 190 295 517 70 160 317 515 56 78 261 532
82 163 293 518 60 212 265 512 74 174 284 549
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t8 =
4 16 64 255 1 7 127 543 2 11 191 767
10 95 405 687 24 205 354 520 48 213 277 583
13 81 388 529 114 184 263 574 109 150 304 548
21 193 332 557 22 165 356 524 44 152 338 585
76 132 288 554 126 138 258 541 38 141 269 592
28 98 291 652 69 166 300 570 32 72 278 542
110 181 270 561 35 94 280 666 37 89 400 658
40 90 403 665 97 142 267 564 119 188 266 569
107 156 307 546 121 139 257 530 51 93 130 538
53 202 347 517 54 70 149 515 56 147 328 532
82 163 293 518 60 87 265 512 116 144 284 535
t9 =
0 3 15 63 1 7 31 127 5 8 95 143
23 136 301 578 36 78 397 530 24 128 326 618
46 73 278 666 114 188 285 557 54 218 347 538
25 163 332 546 124 142 274 559 59 153 331 534
30 234 358 587 81 132 298 564 85 148 290 567
17 40 269 709 21 103 427 522 72 131 262 560
32 145 346 598 96 133 305 574 69 187 268 561
123 160 318 524 65 174 307 523 37 210 266 539
35 94 412 669 97 164 284 525 61 89 394 651
88 182 313 563 50 202 258 541 118 168 282 518
71 147 312 514 87 186 299 550 60 203 267 582
t10 =
0 3 15 63 1 7 31 127 5 8 95 143
25 71 298 646 37 148 266 598 24 97 269 674
32 132 338 588 54 144 268 589 99 136 311 574
17 133 331 554 69 153 312 524 87 168 301 538
60 221 332 541 118 186 283 559 88 160 285 555
50 131 330 518 59 214 346 587 125 164 274 540
89 188 262 560 40 198 284 525 78 128 267 564
65 142 309 569 21 202 290 557 23 100 427 522
46 194 258 604 123 174 305 514 30 35 453 708
61 94 394 523 72 187 294 534 36 85 406 667
103 145 318 539 105 151 282 565 73 189 303 556
The spreads of W9(2):
s1 =
0 3 15 63 255 1 7 31 127 511 2 11 47 191 767
5 24 97 392 682 6 25 104 418 552 8 37 144 342 581
10 36 149 277 594 12 54 208 341 528 13 52 214 278 580
17 75 170 290 556 18 71 164 288 522 21 74 136 295 517
22 77 130 298 555 23 101 171 300 558 26 105 160 263 524
27 106 142 292 514 29 96 141 267 516 32 86 139 285 530
34 89 131 262 529 35 91 152 286 541 38 81 148 269 515
40 69 134 264 531 42 66 140 283 534 43 78 150 258 537
44 76 145 265 523 48 85 157 282 520 49 94 154 261 532
51 87 132 281 512 53 82 133 266 526 55 73 155 257 540
56 72 153 270 518 60 70 128 268 536 61 65 138 279 525
s2 =
0 3 15 63 255 1 7 31 127 511 2 11 47 191 767
5 10 95 399 687 6 24 200 354 520 8 117 143 278 517
13 17 230 294 577 18 45 138 266 582 21 98 140 299 522
22 73 170 295 548 23 107 165 257 556 25 71 142 290 552
26 97 174 297 555 28 36 128 329 586 30 44 75 393 523
32 72 145 277 541 34 70 149 284 515 35 94 157 283 536
37 86 144 264 524 38 90 158 258 533 40 89 141 262 532
42 88 132 286 528 43 65 150 269 537 46 69 130 270 531
48 85 139 268 529 51 93 133 280 538 52 78 131 274 516
53 74 136 261 535 54 87 134 265 514 56 91 147 273 512
57 76 146 282 539 58 66 153 263 542 61 77 156 267 518
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s3 =
0 3 15 63 255 1 7 31 127 511 2 11 47 191 767
5 10 95 399 687 6 24 200 354 520 8 48 213 277 576
13 36 81 388 529 17 96 170 263 556 18 109 131 289 548
21 102 164 297 557 22 73 165 302 524 23 44 128 330 585
25 76 132 288 554 26 99 138 258 516 27 38 141 269 588
28 98 133 291 522 30 69 166 300 547 32 72 153 278 542
34 75 148 270 528 35 94 151 280 514 37 89 155 268 526
40 90 134 274 540 43 77 142 267 536 45 85 146 266 531
46 66 156 282 523 49 71 139 257 530 51 93 130 262 538
53 65 136 285 517 54 70 149 264 515 56 78 147 261 532
57 82 157 283 518 60 87 140 265 512 61 74 144 284 535
3.5. Q−(2n + 1, 2), n = 1, 2, 3 and 4. It is well known that for q even an m-system of
Q−(2n + 1, q) is also an m-system of W2n+1(q). Surprisingly, for m < n ≤ 4 we found that
every m-system of W2n+1(q) was also an m-system of Q−(2n + 1, q). Hence the m-systems
of Q−(2n+1, 2), n = 1, 2, 3 and 4, are exactly the m-systems of W2n+1(2) for which m < n.
3.6. Q+(2n + 1, 2), n = 1, 2, 3 and 4. In this subsection we classify up to isomorphism
m-systems of Q+(2n + 1, 2) for n = 1, 2, 3 and 4.
The quadric Q+(3, 2) has six generators (lines). They fall into two classes of three parallel
lines. Each class forms a 1-system, and the 1-systems are isomorphic to one another. A 0-
system is a set of three points, no two in a generator. Any plane meeting Q+(3, 2) in a conic
gives a 0-system and conversely these are the only 0-systems of Q+(3, 2).
Spreads of Q+(2n+1, q) do not exist for n even, hence Q+(5, 2) does not admit 2-systems.
The 1-systems of Q+(5, q) are classified in [11, Theorem 15]. It is shown that for q even ev-
ery 1-system of Q+(5, q) is a spread of some Q(4, q) ⊂ Q+(5, q). There is a single orbit
on non-degenerate parabolic quadrics in the collineation stabilizer of the Q+(5, q). In the
previous subsection we noted that up to isomorphism there is a unique 1-system of Q(4, 2).
Hence up to isomorphism there is a unique 1-system of Q+(5, 2). Under the Kleine corre-
spondence, a 0-system of Q+(5, q) corresponds to a spread of PG(3, q), and conversely [5,
Table 15.10]. Every spread of PG(3, 2) is regular (desarguesian), and corresponds to some
Q−(3, 2) contained in Q+(5, 2). The collineation stabilizer of Q+(5, 2) is transitive on such
elliptic quadrics and hence up to isomorphism there is a unique 0-system of Q+(5, 2) and it
can be described as the set of points of some Q−(3, 2).
Under triality, a 0-system of Q+(7, q) corresponds to a 3-system of Q+(7, q) [6, Section
22.11]. There is a unique 0-system of Q+(7, q) [7], and hence a 3-system of Q+(7, 2). The
3-system is called the desarguesian spread of Q+(7, 2) in [7], and is readily constructed by
‘expanding’ a regular spread of W5(2). Computer searches show that, up to isomorphism,
there are two 1-systems and a unique 2-system of Q+(7, 2). The 1-systems may be obtained
by taking the 1-systems of some Q−(5, 2) contained in Q+(7, 2). The 2-system may be ob-
tained by using the following theorem with two spreads (2-systems) of Q+(7, 2).
THEOREM 2 ([11, THEOREM 11]). Let S1 and S2 be spreads of Q+(7, q) where the gen-
erators of S1 and S2 are in different families. Then for each ζi ∈ S1 there is exactly one
η j ∈ S2 with ζi ∩ η j = pii j a plane. The q3 + 1 planes pii j form a 2-system of Q+(7, q).
Since spreads of Q+(2n + 1, q) do not exist for n even, Q+(9, 2) does not admit a 4-
system. In [8, Theorem 4.3], it is shown that 0-systems (ovoids) of Q+(2n+1, 2) do not exist
for n ≥ 4. Hence 0-systems of Q+(9, 2) do not exist. The remaining cases to consider are
1-, 2- and 3-systems of Q+(9, 2). Computer searches show that up to isomorphism there is
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a unique m-system, for each m = 1, 2, 3. Generally, an m-system Q−(2n − 1, q) is also an
m-system of Q+(2n+1, q) [11]. Hence the 1- and 2-systems of Q+(9, 2)may be constructed
by taking 1- and 2-systems of some Q−(7, 2) contained in Q+(9, 2). It is easily seen that an
(n− 1)-system (spread) of Q(2n, q) is an (n− 1)-system of any Q+(2n+ 1, q) that contains
the parabolic quadric. Hence the (unique) 3-system of Q+(9, 2)may be constructed by taking
a 3-system of some Q(8, 2) contained by Q+(9, 2).
4. MAXIMAL ARCS IN SYMPLECTIC TRANSLATION PLANES
In [4], Hamilton and Quinn introduce the following definition.
Let M1 be an m1-system and M2 be an m2-system of a finite classical polar space P . We
say M1 is contained by M2 if every element of M1 is a subspace of a unique element of M2.
They then prove the following.
THEOREM 3. Let M be an m-system of the symplectic polar space W2n+1(q) in PG(2n +
1, q), n > 0. Suppose there exists an n-spread S of W2n+1(q) such that M is contained by S
(considered as an n-system of W2n+1(q)). Then there exists a degree qm+1 maximal arc in the
translation plane of order qn+1 defined by S.
The special case that M is a spread ((n−1)-system) of Q−(2n+1, q) was previously show
to give maximal arcs by Thas in [13]. In [3] it is shown that for given q and n there is up to
isomorphism a unique Thas maximal arc in a desarguesian projective plane of order qn+1.
Certain of the m-systems of W2n+1(2) found above give rise to maximal arcs via Theorem 3.
The (unique) 0-system of W3(2) is contained by a 1-system giving rise to a degree 2 maxi-
mal arc in PG(2, 4). Of course, this is just a regular hyperoval.
In W5(2) the 1-system given by the regular line spread of Q−(5, 2) is contained by no
spread of W5(2). However, the desarguesian 1-system of Q−(5, 2) may be contained by the
desarguesian 2-system of W5(2), giving rise to a degree 4 maximal arc in PG(2, 8). This is
the dual of a regular hyperoval.
In W7(2) both the 1-system and the 2-system may be contained by the desarguesian sym-
plectic spread, giving rise respectively to degree 4 and degree 8 maximal arcs in PG(2, 16).
The degree 8 maximal arc is the dual of a regular hyperoval. The degree 4 maximal are may
also be constructed using the Thas construction with q = 4 and n = 1.
In W9(2), the results of [3] show that there is a unique 3-system of Q−(9, 2) (t1 above) con-
tained by a desarguesian symplectic spread (s1 above), and hence there is a unique degree 16
maximal arc so arising in PG(2, 32). It is the dual of a regular hyperoval. Computer searches
show that 3-systems isomorphic to those labelled t1, t6, t7 and t8 are all contained by the
spread s2. Thus we obtain four non-isomorphic degree 16 maximal arcs in the flag transitive
symplectic translation plane of order 32. It is easily checked that the 3-systems t2, t3, . . . , t8
are all contained by the semifield spread s3. Note that these 3-systems are actually contained
by s3, not just 3-systems isomorphic to them. Hence we obtain seven non-isomorphic degree
16 maximal arcs in the corresponding non-commutative semifield plane of order 32. The cases
we have listed here are exactly the containments that may occur, i.e., no 3-system isomorphic
to t1 can be contained by the semifield spread. However for a given 3-system, 4-system pair
the number of isomorphism classes of the pair were not calculated, so it may be that more
non-isomorphic pairs exist giving rise to more non-isomorphic maximal arcs.
In the sense that Hamilton and Quinns (or Thas’) results state that any (n − 1)-system of
Q−(2n + 1, q) contained by a symplectic spread of W2n+1(q) gives rise to a maximal arc,
the maximal arcs described above were previously known. However all the instances of such
a configuration have not been previously enumerated for small cases.
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5. REMARKS
In this paper we have solved the existence and isomorphism problem for m-systems of
W2n+1(2), Q(2n + 2, 2) and Q−(2n + 1, 2) for n = 1, 2, 3, 4. Our aim has been to provide
data so that more generally the spectral problem for existence of m-systems might be tackled.
All of the m-systems that we found were associated with a spread of some elliptic quadric, or a
spread of an elliptic quadric ‘expressed over a subfield’. The Tits ovoids in PG(3, 22e+1) show
that not all m-systems of W2n+1(q) are of this form. However, it may well be that the spectrum
of values of n and q, q even, for which an m-system of W2n+1(q), exists is exactly that arising
from spreads of elliptic quadrics, or spreads of elliptic quadrics ‘expressed over a subfield’.
As was noted in Section 3, for q even, every n-system of W2n+1(q) induces an (n − 1)-
system of some Q−(2n+1, q)with the same polarity as W2n+1(q). This (n−1)-system is also
an (n− 1)-system of W2n+1(q) that is contained by the n-system of W2n+1(q). It follows that
every even order symplectic translation plane contains a maximal arc. An interesting problem
is then to find new m-systems of W2n+1(q) that are contained by a desarguesian symplectic
spread. In particular, if an (n − 1)-system contained by a desarguesian spread of W2n+1(q)
could be found that was not a spread of some Q−(2n+1, q), then this would almost certainly
give rise to new maximal arcs in PG(2, qn+1).
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